Introduction
The motivation for this study is the determination of structural redundancy in the prime reciprocals in base 10 in a manner that parallels a similar study for binary prime reciprocals [13] . Prime reciprocal sequences (also called dsequences or decimal sequences for base 10) have applications in coding and cryptography [410] and for generation of random sequences [1113] .
We show that there are several different kinds of structural relationships amongst the digits in reciprocal sequences which are best classified with respect to the digit in the least significant place of the prime. Also, the frequency of digit 0 exceeds that of every other digit when the entire set of prime reciprocal sequences is considered.
Generating the Sequence
The formula used to generate the digits of the prime reciprocal sequences is as below [6] :
where a i is the ith digit in the sequence, p is the prime number and the value of l is given as below l = 1 if, p mod 10 = 9 l = 3 if, p mod 10 = 3 l = 7 if, p mod 10 = 7 l = 9 if, p mod 10 = 1
Digit Frequencies
The least significant digit of the prime can be 1, 3, 7 or 9. One would expect different results for each of these cases. Furthermore, for any of these there would be further structure given depending on what the second least significant digit is when the sequence is half length.
Our analysis shows that Kak's conjecture [6] that there are more 0s than 1s in most binary prime reciprocal sequences holds not only for binary and ternary prime reciprocal sequences [14] but also for decimal prime reciprocal sequences. The results of Figure 1 are based on prime reciprocal sequences for primes up to 999983. We expect that the excess of 0s over the other digits will persist as the values of primes are increased further.
Structure in the Decimal Reciprocal Sequences
The structure in the decimal expansion of various prime reciprocals becomes clear when we consider the primes with specific ending. The four cases, with the endings of 1, 3, 7, and 9, are given below. Sequence when primes end in 1:
Full length sequences ending in 1 are observed to have equal number of each digit in every sequence.
In any half length sequence ending in 1, when the second most significant digit is even, one would see that the frequency of 0 is equal to the frequency of 9 in every sequence, and maximum in many of the sequences. Digits 1, 2, 4, 5, 7 and 8 have the same frequency in each sequence and have either maximum or minimum frequency. The frequency of 3 is also seen to be the same as the frequency of 6 in every such sequence, and minimum in some sequences where 0s and 9s do not have maximum frequency. In any half length sequence ending in 1, when the second most significant digit is odd, one would see that the sum of the frequencies of complementary digits is equal to the integral part of p/10. Number of 1s, 5s and 6s are equal and the number of 3s, 4s and 8s are also equal. It is also seen that either 0s or 2s have the maximum frequency and consequently either 7s or 9s have minimum frequency. Sequence when primes end in 3:
In full length sequences, number of 3s and 6s is 1 more than the number of any other digit and all other digits have the same frequency.
In
Number of 0s and 9s is always seen to be equal. Digits 1, 4 and 7 are seen to be equally frequent and since the complementary digits are 8, 5 and 2 respectively, number of 2s, 5s and 8s is also equal. The digit 3 has maximum frequency and as expected the complementary digit 6 has minimum frequency. In a half length sequence that ends with 3, if the second least significant digit is odd, the complementary digits have equal frequencies. In most of the cases 1s and 8s or 2s and 7s are observed to have maximum frequency. In all these sequences, 3s and 6s or 4s and 5s have the minimum frequency. In other sequences, 0s and 9s have maximum frequency and 1s and 8s have the minimum frequency. Sequence when primes end in 7:
In full length sequences, number of 0s, 3s, 6s and 9s is 1 less than the number of other digits.
In a half length sequence that ends with 7, if the second least significant digit is even, sum of the frequencies of complementary digits for 0s and 3s is equal to integral part of p/10 and 1 more than integral part of p/10 for others. The digits 1, 4 and 7 have equal frequencies and hence the complementary digits 2, 5 and 8 have the same frequency. It is also seen that 3 occurs maximum number of times in every sequence and 6 occurs minimum number of times in every such sequence. In a half length sequences that end in 7, if the second least significant digit is odd, the complementary digits have equal frequencies. In most of the cases 1s and 8s or 2s and 7s are observed to have maximum frequency. In all these sequences, 3s and 6s or 4s and 5s have the minimum frequency. In other sequences, 0s and 9s have maximum frequency and 1s and 8s have the minimum frequency.
This structure of the digit frequencies of half length sequences the end in 7, when compared to the structure of the digit frequencies of half length sequences that end with the complementary digit 3, shows a lot of similarity. Table 6 : Frequency distribution in the prime reciprocal sequences to the base10 when the primes end in 7 and the 2 nd least significant digit is odd.
Sequence when primes end in 9:
In full length sequences, number of 0s is equal to the number of 9s which is one less than the frequency of any other digit. All other digits have the same frequency.
In a half length sequence that ends in 9, when the 2 nd least significant digit is even, complementary digits are equal. It is also seen that digits 1, 2 and 4 and hence 5, 7 and 8 have the same frequency and are mostly minimum in number. 0s and 9s are mostly highest in number. In few of the sequences, 1s, 2s, 4s, 5s, 7s and 8s have highest frequency and 3s and 6s have the least frequency.
In addition to the structural redundancy seen in all these sequences, the prime numbers also are seen to have a definite structure. For each combination of the least significant digit and the next least significant digit, the third least significant digit is observed to be alternating between even and odd values when the second least significant digit is either even or odd. This property can be seen in every table above.
Conclusions
We have shown several interesting structural properties of nonmaximum length decimal sequences of prime reciprocals. We have classified these properties in relation to the digit in the least significant place of the prime. We have also observed, based on the experiment with primes less than a million, that the frequency of 0 exceeds that of other digits, in accordance with the corresponding result on binary prime reciprocal sequences.
If prime reciprocal sequences are used in cryptography applications, as has been proposed earlier, then these structural properties must be taken into consideration.
